
Math 564: Real analysis and measure theory
Lecture 13

Measure isomorphism theorem
. Every atomless Borel probability measurem on a Polish space

X is

isomorphic to 190
, M , X) .

In fact
,
there is a Borel isomorphism fix10 , 1) with for = X.

Proof. Because X is atomless
,
each singleton is Monall , so X must be unutbl since otherwise M(X) = P.

By the Bore isomorphism theorem
,

there is a Borel isomorphism g: X
-> 10 , 1] ,

so by repla
sing X with 10

,
1 and

M
with gol , we may assume Not X = 10, 1 and M is aatow-

less Boel prob - meas . on 10 , 1) E
. g . take Mos = 0 and M/z

,
17
= 2 ·NID

let f : 10
,
13+ 10 , 13 by defined by X-3 M(0 , X3) . This is an increasing /maybe not

strictly) and continuous
;
indeed it in right continuous beae of downward monotone conver

yease (M150 , x))
= him
Xa+ x

+
M(90 , xn]) and left continuous becase of upward monotone ouver

gence and atomlessness (M((0, x]) = M10, x)) =linu(0 , xn3)) . Furthermore,a

F" 10
, y3) = 10

, x] where M10 , x]) = y andthis x is maximum such
,
so

1
- /111)

x (90 , 33) = y = M(f
+ (20

, y))) = FaM (10 , y3) . -
-
O I

Since the sets 10
, %3 generate the Bonel analy , the measures -and fel coincide

It remains to show that f is a bijection on a could set
.

F is not bijective
becase it there might be intervals 19

,
63 on which is constant

,
but then

↑ /(0 , 93) = 0 and where we only chly may such maximal intervals because

these are pairwise disjoint and 20
, 17 is separable · So the union of all these

maximal intervals (a
,
b3 is still Mowall and Flxz : XIE =390

,
B is abjection .

Cor
. Every infinite Bonel measured on a Polish space X is isomorphic to IIR, X.

Proof . Write X as ath disjoint union of finite positive measure pieces and
use that each is isomorphic to an interval in IR

.

Details left as an exercise.



Def . A measure space IX , B, r) is called standard if I ist- finite and (X
,
33) is

standard Borel
.

Remark
.

In dynamics and probability meors , one mainly works with standard proba-
bility space (since we know Rat the atomless ones are all isomorphic).

We can restate :

incoem .

A standard atombers infinite measure space is isomorphic to CIR
,
X) and

a standard shower prob. measure space is isomorphic to 190
,
1
,
1).

Integration

Given a measurable space (X
,
B)

,
we denote

L : = L(X
,
3) := the set of all Bemeasurable functions X->R :=0

,
07

.

It : = [ (X , b) : = (f + ((X ,2) : 7 = 03 ,

Note Not ((X
, B) is a rector space and L(X

,
B) is closed under non-negative

linear combination
.
Both are closed under products and limits.

Lef. An integral on LNX, B) is a othly additive linear functional I : -10
,
83
,

:
. e.

(i) [lif + B . g) = d.I(f) + B . Elg) for all 4
, 930 and f,get.

(ii) Flinful= Ilful .

Observation . Every integral I on LX
,
231 defices a measure M on

(X
,
23) by :

↑ (B) : = [( 1 B) .

Proof
. Indeed

, M() = I (10) = ICO) = 0 and if B = LIBu
,
her 1: AB ,

so
nE IN

MD) = [(p) = [11=F1)= Bal



We would likehe solve the inverse problem , indeed we will prove :

unique
Theorem

. Every measurem on (X
,
B) admits unVintegral I : [(X

,
B) + 20,83 s . t . M

= M.
This I is called the integral over m ,

denoted JFdm := Jf()da := #(f).

In therncizing time we will pove this hecore by gradually defining this I.

Remark
. Once I is defined on

I
,
we will be able to also define it on a subspace

of L(X
,
B) using the fact that for each feL(X

,
B),

f = f+ - f -
,

where E(x) := [A iff0 and f= ifAx

Def
.

A function FEL(X, B) is called simple if it is a finite linear combinatina-

tion of indicator functions of sets from 23
.
So nonnegative simple functions are

the nonnegative linear combinations of indicator factions. Denote by S(X, 1) lesp .
5 IX

,
B1) the subspace of simple Loesp . nonnegative simple) functions .

Note that a nonnegative simple function & is of the form

f = ZG : 1Ai
in

for some neI
,
Xi = 0

,
AitB

.

It has
many representations but here is a standard one :

Observation . A function Fo L(X
,
3) in simple=2 f(x) is fiite.

Def
. For a simple function f with f(x) = 7do

,
d
, . . . , Guil , the representation

F=dif ki
is called standard.

In particular X = f
+ (i)

.

ich



Def
.
Given a measure h on 14

,
13
,
we define its integral on St(X, 23) by

setting for each foSt(X
,
B),

|) Jalp :=dirAl

wher FiIdi1Ai is cone representation of f
.

It is an exercise HW to

show that this is well-definedli
. e . doesn't depend on the representation).

Remark . We could alternativelydefine the integral for the standard representation
and then prove Kat 1) holds Be any representation.

Prop. The integral on St satisfies te following:
(i) Linearity :JChf + Bgide = 2. Side + BJgdm .

(ii) Non-negativity : +20 => JAdM =0 . Equiri feg => JidmS9dM.
(iii) JFdm = 0 => f = 0 a

.
e .

(iv) Each feSt defines a measure Mo on IX
,
B) by

M(B) : = JB - F)dM =: Sfdr
Proof

. (i)-(iii) follow hy definition
,
and we prove

liv). (i) implies Mr (0) = 0, so

we verifytbl additivity . Let B
=LB ,

so A= Bu .

let f =A
Then :

↑ (B) = (1/dm = /[xi Ain M= LiMiB) = EdiMAilBr

=iMid= (B) .


